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Exercise Booklet 11 


1 Eigenvalues and 
eigenvectors of 


matrices 
Exercise 1 
(a) Let A = j Show that if x = (5) 
0 2)° 0 


for some number k, then Ax = 4x. 


1 4 . k 
9 i Show that if x = @ 


for some number k, then Ax = 5x. 


(b) Let A = 


Exercise 2 


Show that the vectors (3) and (i) are 


eigenvectors of the matrix 


(> 3) 


and find the corresponding eigenvalues. 


Exercise 3 


For each of the following matrices, find the 
trace and determinant and hence find the 
characteristic equation. 


@ A=(5 5) w a=(5 3) 


Exercise 4 


Find the eigenvalues of the following matrices. 


aG) mG) 


@a=(§ 2) @a=(4 3) 


Exercise 5 


The matrix has eigenvalues —5 and 7. 


1 4 
9 1 
For each of these eigenvalues, find a 
corresponding eigenvector. 


Exercise 6 


Find the eigenvalues of the following matrices, 
and for each eigenvalue find a corresponding 
eigenvector. 


wa(2) oa-(2 22) 
wr) oahi 


Exercise 7 
Show that the vectors 
—2 1 2 
2], 2 and 1 
1 —2 2 
are eigenvectors of the matrix 
4 0 2 
0 2 2], 
2 2 3 


and for each eigenvector find the 
corresponding eigenvalue. 


Exercise 8 


In this exercise you can practise some of the 
ideas about mathematical language and proof 
that you learned in Unit 9, by proving some 

results about eigenvalues and eigenvectors. 


Recall that an eigenvalue of a square 
matrix A is defined to be a number A such 
that 


Ax = Àx 


for some non-zero vector x. This non-zero 
vector x is called an eigenvector of A 
corresponding to A. 


Use this definition to prove each of the 
following for a square matrix A. 


2 Eigenvalues and eigenvectors of special types of matrices 


(a) If A is an eigenvalue of A with 
corresponding eigenvector x, then A” is 
an eigenvalue of A” with the same 
corresponding eigenvector x, for all n € N. 


Hint: use mathematical induction. 
(b) If A is an eigenvalue of A, then: 
(i) —A is an eigenvalue of —A; 


(ii) A+ 1 is an eigenvalue of A + I, 
where I is the identity matrix. 


(c) If A? = A and J is an eigenvalue of A, 
then \=O0orA=1. 


(d) If A is invertible and A is an eigenvalue 
of A, then \ £ 0. 


Hint: use proof by contradiction. 


2 Eigenvalues and 
eigenvectors of 
special types of 
matrices 


Exercise 9 


Find the eigenvalues of the following matrices, 
and for each eigenvalue find a corresponding 
eigenvector. 


® (73) OG 5) 
(53) @ (9 3) 


Exercise 10 


Find the eigenvalues of the matrix 


(3 ') 


which represents a vertical shear. For each 
eigenvalue find a corresponding eigenvector. 


Exercise 11 


Find the eigenvalues of the following matrices, 
each of which represents a flattening. For each 
eigenvalue find a corresponding eigenvector. 


@A=(G a) @ a=(3 3) 


Exercise 12 


Find the eigenvalues of the matrix 


01 
a= (4 o): 


which represents a rotation. 


Exercise 13 


Using the facts that you have seen in 
Subsection 2.3 of Unit 11 about the 
eigenvalues and eigenvectors of a matrix that 
represents a reflection, find the eigenvalues of 
the following matrices representing reflections, 
and find a corresponding eigenvector for each 
eigenvalue. 


($9) o 


Exercise 14 


Let f be the linear transformation represented 
by the matrix A with eigenvalues 1 and 5, 


; ; 1 
and corresponding eigenvectors E and 


G , respectively. Without finding A, find 


the images of the following points under f. 


(a) (8,3) (b) (=2,2) (e) (7,1) 


Hint for part (c): (7) =g (1) +4 G) 
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3 Diagonalising 
matrices 


Exercise 15 


Diagonalise the following matrices. 


wad) wag 9 


Exercise 16 


Find the following powers of matrices. 


vie 


Exercise 17 

(a) Diagonalise the matrix A = C 2) 
and hence find AÊ. 

(b) Diagonalise the matrix A = (3 a 
and hence find A3. 


Exercise 18 


Use the model found in Subsection 3.3 of 
Unit 11 to predict the populations of wolves 
and hares after 10 years given that there are 
initially 500 wolves and 2000 hares. 


4 Systems of 
differential equations 


Exercise 19 


Write the following systems of differential 
equations in matrix notation. 


(a) t =x + 2y (b) t= 10y 
y = 3x + 4y Y =-—-rt+y 
Exercise 20 


Find the general solutions of the following 
systems of differential equations. 


(a) t = 5r (b) t= —0.1x 
y = —4y y = 0.6y 
Exercise 21 


Find the general solutions of the following 

systems of differential equations. 

(a) t = 3z + 2y (b) & = —13x + 5y 
ýy =x + 4y y = —30x + 12y 


Solutions to exercises 


Solution to Exercise 1 
(a) We have 
(0 3) (0) = Co) =o) 
0 2 0 0 0J ` 
Hence Ax = 4x. 
(b) We have 


90-070 


Solution to Exercise 2 
We have 


G 1) @)=() #0): 


3 \ . . 
so (3) is an eigenvector of the matrix 
corresponding to the eigenvalue 4. 


Also, 


@ i) C=) =- Gi), 


1\. : : 
so a is an eigenvector of the matrix 


corresponding to the eigenvalue —1. 


Solution to Exercise 3 
(a) We have 
trA=1+4+4=5, 
det A=1x4-2x3=-2. 
So the characteristic equation of A is 
A? —5A-2=0. 
(b) We have 
tr A = 1+ (-7) = —6, 


det A = 1 x (—7) — (—2) x 3=-1. 


So the characteristic equation of A is 
A? 4+6A-1=0. 
(c) We have 
tr A = (—3) + (—5) = —8, 
det A = (—3) x (—5)—- 0 x 4 = 15. 


So the characteristic equation of A is 


A? +8A+15=0. 


Solutions to exercises 


Solution to Exercise 4 


(a) 


We have 
trA=2+3=5, 
det A = 2 x 3 — 6 x 2 = —ô. 
So the characteristic equation of A is 
A? —5A-6=0. 
Hence 
(A + 1)(A — 6) = 0, 
so the eigenvalues of A are —1 and 6. 
(Check: (-1)+6=5=trA.) 
We have 
trA=242=4, 
det A=2x2-—-5x0=4. 


So the characteristic equation of A is 


AX? -—444+4=0. 
Hence 
(A aa 2)? ~ 0, 


so A has a single, repeated eigenvalue 2. 
(Check: 2+2 = 4 = tr A.) 
We have 
trA=242=4, 
det A = 2 x 2 — 1 x 6 = —2. 
So the characteristic equation of A is 
? —4-2=0. 


Completing the square on the left-hand 
side gives 


(A=9)7 —6=0, 
that is, 
(A — 2)? =6. 
Taking square roots of both sides gives 
\-2=+V6, 
so 
A=2+ V6. 


Therefore the eigenvalues of A are 


7 — 4/6 and 2 + v6. 
(Check: (2 — V6) + (2 + V6) =4=trA.) 
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(d) We have 
tr A = (—2) + (2) = —4, 
det A = (—2) x (—2) —3 x (—3) = 13. 


So the characteristic equation of A is 
N+ 4d + 13 = 0. 
Completing the square on the left-hand 


side gives 
(A+ 2)? +9=0, 
that is, 
(Ato) S28, 
Taking square roots of both sides gives 
A+ 2 = +31, 
so 
A=—2+3i. 


Therefore the eigenvalues of A are 
—2 — 3i and —2 + 3i. 


(Check: 
(—2 — 31) + (-2+ 34) =-4 =trA,) 


(You might have preferred to solve the 
characteristic equations in parts (c) and (d) of 
this exercise by using the quadratic formula.) 


Solution to Exercise 5 


The eigenvector equations have the form 


(5° 12) G) = 0): 


When A = —5, we obtain 


(3 6) (= (0): 


This gives 
6x + 4y = 0, 
9x + by = 0. 


This pair of equations is equivalent to the 
single equation 


3z +2y=0, thatis, 2y = —32. 
If x = 2, then 2y = —3 x 2, so y = —3. Hence 
E is an eigenvector of the matrix 
corresponding to the eigenvalue —5. 


(Check: 


Tera 


When A = 7, the eigenvector equation is 
(o 3) G) = (0) 
9 —6) \y 0y: 
This gives 
—6x + 4y = 0, 
9x — 6y = 0. 


This pair of equations is equivalent to the 
single equation 


3x — 2y =0, thatis, 2y = 3z. 
If x = 2, then 2y = 3 x 2, so y = 3. Hence 
(3) is an eigenvector of the matrix 


corresponding to the eigenvalue 7. 


cin f JO- 


(Throughout these exercises you may obtain 
eigenvectors different to those given in the 
solutions. However, each eigenvector that you 
obtain should be a scalar multiple of the one 
given in the solution, unless the solution 
makes it clear that this is not the case.) 
Solution to Exercise 6 
(a) We have 
trA=3+3=6, 
detA=3x3-2x2=5. 
So the characteristic equation of A is 
A? -6A+5=0. 
Hence 
(A—1)(A— 5) =0, 
so the eigenvalues of A are 1 and 5. 
The eigenvector equations have the form 
3-rA 2 e\ {0 
2 3—AJ\y} \O0/° 


When A = 1, we obtain 


CD0-0 


This gives 
2x + 2y = 0, 
2x + 2y = 0. 


This pair of equations is equivalent to the 
single equation 


a+y=0, thatis, y= —zr. 


If x = 1, then y = —1. Hence E is an 


eigenvector of A corresponding to the 
eigenvalue 1. 


(Check: 


G 3 = (=> 


When A = 5, the eigenvector equation is 


(a =o 
2 —2) \y 0J 
This gives 

—2x¢ + 2y = 0, 

2x — 2y = 0. 


This pair of equations is equivalent to the 
single equation 


x—-y=0, thatis, y=a. 


If x = 1, then y = 1. Hence is an 


1 
( 
eigenvector of A corresponding to the 
eigenvalue 5. 


come (2 AO- 
We have 


trA =3+(—10) =-7, 
det A = 3 x (—10) — 2 x (—6) = —18. 


So the characteristic equation of A is 
N+ 7\ — 18 = 0. 
Hence 
(A + 9)(A — 2) = 0, 
so the eigenvalues of A are —9 and 2. 
The eigenvector equations have the form 
C 0-3) G) = (0) 
—6 —-10—-A/ \y 0} ` 


When à = —9, we obtain 


(“5 1) @) = (9) 


This gives 
12% + 2y = 0, 
—6z2 —y=0. 


This pair of equations is equivalent to the 
single equation 


6a+y=0, thatis, y=—6z. 


Solutions to exercises 


If x = 1, then y = —6. Hence © is an 


eigenvector of A corresponding to the 
eigenvalue —9. 


(Check: 


(6 a0) (-6) = Gai) == (6) 


When A = 2, the eigenvector equation is 


(o <2) G) =) 
—6 —-12) \y 0} 
This gives 

x+2y=0, 

—6x = 12y = 0. 


This pair of equations is equivalent to the 
single equation 


x+2y=0, thatis, x = —2y. 


If y = 1, then z = —2. Hence (i) is an 


eigenvector of A corresponding to the 
eigenvalue 2. 


(Check: 
(0) C) = C3) 20 
We have 


trA=3+3=6, 
det A =3x3-2x0=9. 


So the characteristic equation of A is 


A? —6Aå+9=0. 
Hence 
(A =3) =0; 


so A has a single, repeated eigenvalue 3. 


The eigenvector equations have the form 


Po" 523) G) =): 


Substituting A = 3 gives 


(30-0) 


This gives 
Ox + 2y = 0, 
Ox + Oy = 0. 


This pair of equations is equivalent to the 
single equation 


y=0. 
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is an 


Choose x = 1. Then G 


eigenvector of A corresponding to the 
eigenvalue 3. 


ORORO] 
(d) We have 
Ax = 4x 


for every vector x. So A has only a single, 
repeated eigenvalue 4, and any non-zero 


A . : 
o J» is an eigenvector 
of A corresponding to this eigenvalue. 


vector, such as 


Solution to Exercise 7 


We have 
4 0 2 —2 —6 —2 
0 2 2 2ļ}=| 6)=3] 2], 
2 2 3 i 3 1 
4 0 2 1 0 1 
02 2 2)={o]=o0[ 2], 
2 2 3 —2 0 —2 
4 0 2 2 12 2 
0 2 2 1] = 6} =6]{ 1 
2 2 3 2 12 2 

So 
—2 1 2 
2], 2 and 1 
1 —2 2 


are eigenvectors of the matrix, and the 
corresponding eigenvalues are 3, 0 and 6, 
respectively. 


Solution to Exercise 8 


(a) Let À be an eigenvalue of A with 
corresponding eigenvector x. That is, 
Ax = àx, where x £0. We will use 
mathematical induction to prove that A” 
is an eigenvalue of A” with corresponding 
eigenvector x, for all n € N. That is, we 
will prove that A”x = A"x, for all n € N. 


Let P(n) be the statement 
A™x = \"x. 

Then P(1) is true, as 
Ax = Xx. 


Now let k > 1, and assume that P(k) is 
true, that is, A*x = \*x. We want to 
deduce that P(k + 1) is true, that is, 


A*®tly = )Ftly, 


(b) G) 


Now, 
A*t1y = A(A*x) 
= A(A*x), by P(k), 
= \*(Ax) 
AŽ (Ax) 
= Meth, 


as required. 
Thus 
P(k) > P(k +1), fork > 1. 


Hence, by mathematical induction, P(n) 
is true, for n > 1. 


That is, \” is an eigenvalue of A” with 
corresponding eigenvector x, for all 
neN. 

Assume that A is an eigenvalue of A. 
Then Ax = Ax for some non-zero 
vector x. Hence 


(—A)x = —Ax = — Àx. 


Since x Æ 0, it follows that —A is an 
eigenvalue of —A, with 
corresponding eigenvector x. 


(ii) Assume that A is an eigenvalue of A. 
Then Ax = Ax for some non-zero 
vector x. Hence 

(A +I)x = Ax+Ix =)Ax+x 
= (A+ 1)x. 
Since x 4 0, it follows that A + 1 is 


an eigenvalue of A+ I, with 
corresponding eigenvector x. 


Assume that A? = A and that is an 
eigenvalue of A. Then Ax = Ax for some 
non-zero vector x. Hence 


A*x = A(Ax) = A (àx) = \Ax = \°x. 
Therefore, as A? = A, 


d?x = dx. 
This can be rearranged as 
Xx- Ax = 0, 
so 
(X =Aje= 0. 
As x £0, this gives 
Ww -rA=0, 
that is, 
AA — 1) = 0. 


Hence A = 0 or A= 1. 


(d) Assume that A is invertible and A is an 
eigenvalue of A, so Ax = Ax for some 
non-zero vector x. We will use proof by 
contradiction to show that A Æ 0. 


Assume that it is not true that 4 0, so 
A = 0. Then 


Ax = àx = 0x = 0, 
that is, 
Ax = 0. 


As A is invertible, we can multiply both 
sides of this equation on the left by A~}, 
to obtain 


A7'Ax=A7'O. 
As A~'A =I, the identity matrix, this 


gives 
Ix = 0, 
that is, 
x= 0. 


This contradicts the fact that x Æ 0. 
Thus our assumption that A = 0 is false, 
so A Æ 0, as required. 


Solution to Exercise 9 


(a) Since the matrix is a triangular matrix, 
the eigenvalues are the elements on the 
leading diagonal, namely —2 and 2. 


The vector is an eigenvector of the 


1 
matrix corresponding to the eigenvalue 2. 


The eigenvector equations have the form 


(PE? 22) G) =): 


When A = —2, we obtain 


eG- 


This gives 
Oz + Oy = 0, 
4x + 4y = 0. 


This pair of equations is equivalent to the 
single equation 


xr+y=0, thatis, y=—-z2. 


If x = 1, then y = —1. Hence is an 


1 
—1 
eigenvector of the matrix corresponding 
to the eigenvalue —2. 


Solutions to exercises 


(Check: 


a) (a=) = 2G) 


Since the matrix is a triangular matrix, 
the eigenvalues are the elements on the 
leading diagonal, namely 4 and —3. 

1 is an eigenvector of the 
matrix corresponding to the 
eigenvalue —3. 


The vector G 


The eigenvector equations have the form 


(E at) @)= 0): 


When A = 4, we obtain 


e 0-0) 


This gives 
Oxz + Oy = 0, 
2x —Ty=0. 


This pair of equations is equivalent to the 
single equation 


2r —T7y=0, thatis, Ty = 2a. 


If x = 7, then y = 2. Hence is an 


7 
2 
eigenvector of the matrix corresponding 
to the eigenvalue 4. 


(Check: 


(2 a) (3) = Fa) =4@)9 


Since the matrix is a triangular matrix, 
the eigenvalues are the elements on the 
leading diagonal, namely 1 and 2. 


0 is an eigenvector of the 


matrix corresponding to the eigenvalue 1. 


The vector ¢ 


The eigenvector equations have the form 


C? 223) G) = (0): 


When A = 2, we obtain 


Co a) G)= (0), 


This gives 
—xz + 3y = 0, 
Ox + Oy = 0. 
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10 


The vector C 


(a) 


This pair of equations is equivalent to the 
single equation 


—xz + 3y =0, thatis, x = 3y. 


If y = 1, then x = 3. Hence (7) is an 


eigenvector of the matrix corresponding 
to the eigenvalue 2. 


or (90-00 


Since the matrix is a diagonal matrix, the 
eigenvalues are the elements on the 
leading diagonal, namely 4 and —2. 


1\. f 
The vector ( is an eigenvector of the 


0 
matrix corresponding to the eigenvalue 4, 


and the vector is an eigenvector of 


1 
the matrix corresponding to the 
eigenvalue —2. 


Solution to Exercise 10 


Since the matrix is a triangular matrix, the 
eigenvalues are the elements on the leading 
diagonal, so there is only a single, repeated 
eigenvalue 1. 


1 is an eigenvector of the 


matrix corresponding to the eigenvalue 1. 


Solution to Exercise 11 


We have 
trA =2+2= 4, 
de A=2x2-—1x4=0. 
So the characteristic equation of A is 
A? — 4 = 0. 
Hence 
A(A — 4) = 0, 
so the eigenvalues of A are 0 and 4. 
The eigenvector equations have the form 
Ci" 22) ()=() 
4 2— AJ \y 0j` 
When A = 0, we obtain 
G3) G)-@) 
4 2) \y 0} ` 
This gives 


2x+y=0, 
4x + 2y = 0. 


This pair of equations is equivalent to the 
single equation 


2a+y=0, thatis, y= —2z. 


If x = 1, then y = —2. Hence e is an 


eigenvector of A corresponding to the 
eigenvalue 0. 


(Check: 


(i 2) (2) = (0) =0 2)” 


When A = 4, the eigenvector equation is 


(a a G) =O 


This gives 
—2x +y = 0, 
4z — 2y = 0. 


This pair of equations is equivalent to the 
single equation 


—2r +y = 0, thatis, y= 2z. 


If x = 1, then y = 2. Hence is an 


1 
(; 
eigenvector of A corresponding to the 
eigenvalue 4. 


cine (9 9-0- 


(Here is an alternative way to find the 
eigenvalues and one of the eigenvectors. 
Since det A = 0, the matrix represents a 
flattening, so the eigenvalues are 0 and 

tr A, and here tr A = 4. It also follows 
that the columns of A are eigenvectors of 
A corresponding to the eigenvalue 


4}? obtained 


from the first column, is a scalar multiple 


tr A = 4. The eigenvector F 


of the eigenvector , obtained from 


1 
2 
the second column. Both vectors are 
acceptable answers. ) 
We have 
trA=3+3=6, 
dettA=3x3-3x3=0. 
So the characteristic equation of A is 
A? — 6A =0. 
This gives 
A(A — 6) = 0, 


so the eigenvalues of A are 0 and 6. 


The eigenvector equations have the form 


CE 523) G) = (0): 


When A = 0, we obtain 


690-0) 


This gives 
3x + 3y = 0, 
3x + 3y = 0. 


This pair of equations is equivalent to the 
single equation 


zr+y=0, thatis, y=-—xz. 


If x = 1, then y = —1. Hence a) is an 


eigenvector of A corresponding to the 
eigenvalue 0. 


(Check: 


(3 3) = (o) =e) 


When A = 6, the eigenvector equation is 


G )Q)-6) 


—32 + 3y = 0, 
3x — 3y = 0. 


This pair of equations is equivalent to the 
single equation 


zx—y=0, thatis, y= xz. 


If x = 1, then y = 1. Hence is an 


eigenvector of A corresponding to the 
eigenvalue 6. 


cine (3 3) ()-(@)-00) 


(Alternatively, you can find the 
eigenvalues and one of the eigenvectors 
by using a similar strategy to that shown 
at the end of the solution to part (a).) 


Solutions to exercises 


Solution to Exercise 12 


We have 


trA=0+0=0, 
det A=0x0-1x (-1)=1. 


So the characteristic equation of A is 


X +1=0. 


This gives 
X =], 


so the eigenvalues of A are —i and i. 


(Check: (—i) +i =0=trA.) 


Solution to Exercise 13 


(a) This matrix represents a reflection in a 
line through the origin because it is of the 


form 
cos 2a sin 2a 
sin2a@ —cos2a/)’ 
with a = 37/4. 


Therefore it has eigenvalues —1 and 1, 
and corresponding eigenvectors 


eee, 


and 


cos(3r/4)\ _ (—1/V2 

sin(37/4)/ ~~ \ 1/V2/’ 
respectively. Multiplying these 
eigenvectors by —\/2 and v2, 


respectively, gives the simpler pair of 
eigenvectors 


ma (2). 


11 
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(b) This matrix represents a reflection in a 
line through the origin because it is of the 


form 
cos 2a sin 2a 
sin2a@ —cos2a/)’ 
with a = 7/3. 


Therefore it has eigenvalues —1 and 1, 
and corresponding eigenvectors 


(Cama) = (2) 
and 
(satis) = (42): 


respectively. Multiplying each of these 
eigenvectors by 2 gives the simpler pair of 


eigenvectors 

ee 1 

( 1 and 5) 
respectively. 
(Check: 


Ga ie) (CY) -E 
and 
(a e) (va) = (vs) 


(4) 


is an eigenvector of A 


Solution to Exercise 14 


(a) Since 1 


corresponding to the eigenvalue 5, we 
have 


3 1 
A (5) AAX3 G) 
1 
= 3A (7) 
1 
=3x5 G) 
A5 
ANID 
So f maps the point (3,3) to the point 
(15,15). 


12 


(b) Since 4 is an eigenvector of A 
corresponding to the eigenvalue 1, we 
have 


OESE 


So f maps the point (—2, 2) to the point 
(—2,2). 


; 1 f 
(c) Since (_ ) and are eigenvectors of 


1 1 
A corresponding to the eigenvalues 1 
and 5, respectively, we have (using the 
hint) 


7 1 1 
4G) aC) 4G) 
1 1 
= 3A (1) +4A (7) 
1 1 
=3x1(_1) +ax5 (7) 
[B 
W7)? 
So f maps the point (7,1) to the point 
(23,17). 
Solution to Exercise 15 
(a) Since A is a triangular matrix, the 
eigenvalues are the elements on the 
leading diagonal, namely 2 and 3. 
The vector (7) is an eigenvector of A 
corresponding to the eigenvalue 3. 


The eigenvector equations have the form 
2— à 0 oy /0 
5 3-A} Ww) \O/}° 
When A = 2, we obtain 
0 0\/z\_ (0 
5 Is gj OP 
This gives 


Oz + Oy = 0, 
5a +y = 0. 


ale 


This pair of equations is equivalent to the 
single equation 


sa+y=0, thatis, y=—5z. 


If x = 1, then y = —5. Hence E is an 


eigenvector of A corresponding to the 
eigenvalue 2. 


Let 
0 1 
P= (; a | 
Then 
det P = 0 x (-5) -1x1=-1, 


SO 


1 (/-5 -1 5 1 
—] _ = 
P = Tate & i) (; ae 


(Check: 
(I eG o) 
~ e E (; o) 
_ ¢ a i 

We have 


trA=2+3=5, 
det A = 2 x 3 — 6 x 2 = —ô6. 


So the characteristic equation of A is 
A? —5A-6=0. 
This gives 
(A+ 1)(A —-6) =0, 
so the eigenvalues of A are —1 and 6. 
The eigenvector equations have the form 
C2" a2) ()=() 
2 3— AJ W 0j 


When A = —1, we obtain 


E0-O 


Solutions to exercises 


This gives 
3x + 6y = 0, 
2x + 4y =0. 


This pair of equations is equivalent to the 
single equation 


xz+2y=0, thatis, x= —2y. 


If y = 1, then z = —2. Hence E is an 


eigenvector of A corresponding to the 
eigenvalue —1. 


When A = 6, the eigenvector equation is 
C2 a) )-@) 
2 —3) \y 0} ` 
This gives 
—4a + 6y = 0, 
2x — 3y = 0. 


This pair of equations is equivalent to the 
single equation 


2r — 3y = 0, thatis, 3y = 2z. 


If x = 3, then y = 2. Hence is an 


eigenvector of A corresponding to the 
eigenvalue 6. 


Let 
sa 
Then 
det P = —2 x 2- 3 x 1 = -7, 
so 
P= 5 ( 2 = Je 
det P \-1 -2 7 1 2 
We have 
A=PDP", 
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(c) We have 


14 


tr A = (-1) + (-3) = —4, 
det A = (—1) x (-3) — 4 x 2 = —5. 
So the characteristic equation of A is 
N+4\-5=0. 
This gives 
(A +5)(A— 1) = 0, 
so the eigenvalues of A are —5 and 1. 


The eigenvector equations have the form 


(E> a-a) G) =) 


When A = —5, we obtain 


GDIOMO] 


This gives 
4x + 4y = 0, 
2g + 2y = 0. 


This pair of equations is equivalent to the 
single equation 


r+y=0, thatis, y=-—xz. 


If x = 1, then y = —1. Hence © is an 


eigenvector of A corresponding to the 
eigenvalue —5. 


When A = 1, the eigenvector equation is 
(2 -9600 
2 —-4} \y 0} 
This gives 
—2r + 4y =0, 
2x — 4y = 0. 


This pair of equations is equivalent to the 
single equation 


x—2y=0, thatis, x= 2y. 


If y = 1, then z = 2. Hence 1) is an 


eigenvector of A corresponding to the 
eigenvalue 1. 


Let 


e- (23) 


Then 
det P = 1 x 1 — 2 x (-1) = 3, 


SO 
e-l 1) =3G a 
det P \1 1 3 \1 1 
We have 
A = PDP}, 
where 
o- (4 9) 
(Check 


(In this exercise and in other exercises 
that require you to diagonalise a matrix, 
you may have chosen to order the 
eigenvectors that form matrix P and the 
corresponding eigenvalues in matrix D in 
the opposite way to that given in the 
solution. You may also have chosen 
different eigenvectors. Your eigenvectors 
should be scalar multiples of those given 
in the solution.) 


Solution to Exercise 16 

3 
at IG ie 2 
TRE 


(0) 2 0\° (2! 0\ (1024 0 
*\o of ~Lo o%/~“\ 0 0 


Solution to Exercise 17 


_ (81 0 
To 16 


(a) Since A is a triangular matrix, the 


eigenvalues are the elements on the 
leading diagonal, namely 2 and —2. 


The vector is an eigenvector of A 


0 
1 
corresponding to the eigenvalue —2. 


The eigenvector equations have the form 


CT ah) G) =) 


When à = 2, we obtain 
e -DGC 
1 -—4) \y O}° 
This gives 
Ox + Oy = 0, 
x—4y=0. 


This pair of equations is equivalent to the 
single equation 


x—4y=0, thatis, x= 4y. 


If y = 1, then x = 4. Hence J is an 


eigenvector of A corresponding to the 
eigenvalue 2. 


Let 
0 4 
Tai 
Then 


det P = 0 x 1 — 4 x 1 = —4, 


SO 


Solutions to exercises 


So 
Af =PD°P™! 

0 4\ (64 O\1/-1 4 
SA at 0 64/4\ 1 0 
_ {0 4\ 16 0\ f-1 4 
= halt al 0 16 1 0 
_ (0 64\ /-1 4 

16 16 1 0 


(Check: tr( Af) = 64 + 64 = 128 
and tr(D®°) = 64 + 64 = 128.) 


We have 
tr A = 5+ (-7) = -2, 
det A = 5 x (—7) — 9 x (—3) = -8. 


So the characteristic equation of A is 
A? 42A-8=0. 

This gives 
(A + 4)(A — 2) = 0, 

so the eigenvalues of A are —4 and 2. 


The eigenvector equations have the form 


03° 23) @)= 0): 


When A = —4, we obtain 


9 OY fey. (0 
—3 -3}) w) \O0/)° 
This gives 
9x + 9y = 0, 
—3z — 3y = 0. 
This pair of equations is equivalent to the 
single equation 


x+y=0, thatis, y=—-za. 


If x = 1, then y = —1. Hence is an 


1 
—1 
eigenvector of A corresponding to the 
eigenvalue —4. 


When A = 2, the eigenvector equation is 


CIO 


3x + 9y = 0, 
—3x —9y = 0. 
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Exercise Booklet 11 


This pair of equations is equivalent to the Solution to Exercise 18 
single equation 
We have xo = ( a) = 500 a 
r+3y=0, thatis, © = —3y. 2000 4 


If y= 1, th 3. H Aa am 
y =1, then x = —3. Hence 1) san a 1\ _ (-02 0.4 1\ O 14 
eigenvector of A corresponding to the 4} 0.6 -—0.2/ \4/  \-0.2)° 


eigenvalue 2. 


So 
Let p'°p-1 1 _ 1 0 1.4 
P- ( 1 +) . 4 0 ggs) \—0.2 
oS g E 1.4 
Then ~ \—0.2 x 0.95197 ° 
det P = 1 x 1 — (—3) x (-1) = -2, Hence 
so A? G) — PpD!°p-! G) 
4 1 AN 17.8 
~ depe U 1) 2U ay" _fi 2 1.4 
ren 3 1) \—0.2 x 0.9510 
e nav 
4 _ (1.4-0.4 x 0.951° 
A=PDP™, = \ 4.2 — 0.2 x 0.952} ° 
where So 
—4 0 
D= ( 0 7 . Axo = A! (50 G) 
(Check: z 500A 1° (7) 


4.2 — 0.2 x 0.9519 


2 O//i 3 
0 -1/\1 1 = Crimea), 


2100 — 100 x 0.9519 


GIGIH atc 
vat 


~ (2040.12... 
The model predicts that, to the nearest 


Then integers, there will be 580 wolves and 
(-4)3 0 E 2040 hares after 10 years. 
=(P a) 8), 
0 2° 0 8 Solution to Exercise 19 


TA o -6 IG 
Eae E E 


= (3 p (* A i i) Solution to Exercise 20 


1 1 0 —-4/ \1 1 

32 12\ /1 3 (a) This is a decoupled system of differential 
= = _ :) G i) equations, so the general solution is 

44 108 z=Ce", y=De™, 
7 = E f where C and D are arbitrary constants. 


(Check: tr( A3) = 44 + (—100) = —56 
and tr(D*) = (—64) + 8 = —56.) 
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(b) This is a decoupled system of differential 
equations, so the general solution is 


r= Ce. y= De. 


where C and D are arbitrary constants. 


Solution to Exercise 21 


(a) The matrix form of the system is 


where 
As (; A 
We have 
trA=3+4=7, 
det A =3x4-—2x 1 = 10. 
So the characteristic equation of A is 
A? — 7A +10 =0. 
This gives 
(A — 2)(A—5) =0, 
so the eigenvalues of A are 2 and 5. 
The eigenvector equations have the form 
CT EJ) G) =C) 
1 4— AJ \y 0} 


When A = 2, we obtain 


(90-0) 


This gives 
z+ 2y=0, 
r+ 2y=0. 


This pair of equations is equivalent to the 
single equation 


x+2y=0, thatis, x= —2y. 


If y = 1, then z = —2. Hence E is an 


eigenvector of A corresponding to the 
eigenvalue 2. 


(Check: 


G ICDC) 20> 


When A = 5, the eigenvector equation is 


G =) G)-(). 


Solutions to exercises 


This gives 

—2r + 2y = 0, 

g— y = 0: 
This pair of equations is equivalent to the 
single equation 


x—y=0, thatis, y= zx. 


If x = 1, then y = 1. Hence is an 


1 
(; 
eigenvector of A corresponding to the 
eigenvalue 5. 


cine 3)()- 0-00) 


The general solution is 


= Ast] -2 st { 1 
x = Ce (3) +e (i 


where C and D are arbitrary constants. 
Hence 


x = —2Ce” + De”, 
y = Ce” + De®”. 


The matrix form of the system is 


We have 
trA = (13) +12 = —1, 
det A = (—13) x 12 — 5 x (—30) = —6. 


So the characteristic equation of A is 
MW +A-6=0. 
This gives 
(A + 3)(A — 2) = 0, 
so the eigenvalues of A are —3 and 2. 
The eigenvector equations have the form 
(Eo 12s) G) = (0) 
—30 12— àJ W 07’ 


When à = —3, we obtain 


(o 15) G) =C) 


This gives 
—10z¢ + 5y = 0, 
—30x + 15y = 0. 
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Exercise Booklet 11 


This pair of equations is equivalent to the 
single equation 


2r—y=0, thatis, y= 2z. 


If x = 1, then y = 2. Hence >) is an 


eigenvector of A corresponding to the 
eigenvalue —3. 


(Check: 


(a 12) (2) =o) eG 


When A = 2, the eigenvector equation is 


(<0 10) C) = (0) 


This gives 
—15xz + 5y = 0, 
—30x + 10y = 0. 


This pair of equations is equivalent to the 
single equation 


3r—y=0, thatis, y= 3z. 


If x = 1, then y = 3. Hence s) is an 


eigenvector of A corresponding to the 
eigenvalue 2. 


(Check: 


Ca 12) (5) = (9) =263) 


The general solution is 


=. peak 1 at (1 
x = Ce (2) + 2e (5): 


where C and D are arbitrary constants. 
Hence 


x = CeT% + De”, 
y = 20e% + 3De”. 
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